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Abstract
Solutions of the undeformed IKKT matrix model with structure R3,1×K are presented, where
the noncommutativity relates the compact with the non-compact space. The extra dimensions
are stabilized by angular momentum, and the scales of K are generic moduli of the solutions.
Explicit solutions are given for K = T 2,K = S3 × S1, K = S2 × T 2 and K = S2 × S2. Infinite
towers of Kaluza-Klein modes may arise in some directions, along with an effective UV cutoff
on the non-compact space. Deformations of these solutions carry NC gauge theory coupled to
(emergent) gravity. Analogous solutions of the BFSS model are also given.
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1 Introduction
Matrix models such as the IKKT respectively IIB model [1] provide fascinating candidates for
a quantum theory of fundamental interactions. Part of the appeal stems from the fact that
geometry is not an input, but emerges on suitable solutions. For example, it is easy to see that
flat noncommutative (NC) planes R2nθ are solutions. More generally, one can consider geometric
deformations of such brane solutions which correspond to embedded NC branesM⊂ R10. Their
effective geometry can be described easily in the semi-classical limit [2, 3], resulting in a dynamical
effective metric which is strongly reminiscent of the open string metric [4]. Since the maximally
supersymmetric matrix model is expected to provide a good quantum theory on 4-dimensional
branes, a physically interesting quantum theory of gravity should arise on such branes.
However, a single 4-dimensional brane M4 ⊂ R10 is clearly too simple to reproduce the rich
spectrum of phenomena in nature. In order to recover e.g. the standard model, additional struc-
ture is needed. One possible origin of such additional structure are compactified extra dimensions,
as considered in string theory. Another very interesting possibility are intersecting branes, which
play an essential role in recent attempts to recover the standard model from string theory. At
present, it appears that intersections of branes with compactified extra dimensions provide the
most promising avenue towards realistic physics, cf. [5].
It is well-known that compactified extra dimensions such as fuzzy spheres S2N arise as solutions
of matrix models with additional terms, such as quadratic of cubic terms [6–10]. This should allow
in principle to obtain sufficiently rich solutions in order to recover the standard model. However,
the addition of such extra terms spoils much of the appeal of the matrix model: the geometry of
the space-time branes is then strongly constrained, and much of the essential (super)symmetries
is lost.
In the present paper, we show that there are indeed solutions of the undeformed IKKT model
with geometry R4 ×K, where K can be S2, T 2, or S3 × S1, S2 × S2, and S2 × T 2. For all these
solutions, the Minkowski signature of the model is essential. Analogous solutions for the BFSS
model are quite obvious and known to some extent; however, these solutions of the IKKT model
appear to be new. Our constructions are inspired by the well-known “supertube” or fuzzy cylinder
solution [11–15] of the BFSS model [16, 17], carried over by a twisting procedure to the IKKT
case. These solutions should provide sufficient structure towards physically realistic solutions of
the matrix model, along the lines of [19].
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All the solutions under consideration here have an interesting common feature: the noncom-
mutative structure θab – which underlies all interesting matrix model solutions – does not respect
the compact resp. non-compact spaces in R4 ×K, but connects them in an essential way. The
structure is reminiscent of the canonical symplectic structure of cotangent bundles, where com-
pact and non-compact coordinates are canonically conjugated. This is indicated by the name
“split noncommutativity”.
There are many reasons why split noncommutativity is interesting. First, the solutions pre-
sented here only exist in the case of Minkowski signature. This is of course welcome from a
physical point of view2. The underlying mechanism is that the compact extra dimensions are sta-
bilized by (internal) angular momentum. Moreover, there are even solutions whose non-compact
sector is in fact commutative and hence isotropic, along with an intrinsic UV cutoff. This would
seem to resolve many of the problems associated with noncommutative field theory - the violation
of Lorentz invariance, causality, etc. - which should be hidden in the compact sector.
However, things are not that simple. In the Minkowski case, the effective (open string) metric
Gµν has a different causality structure
3 than the naive embedding (closed string) metric gµν . Thus
the completely isotropic solutions turn out to be non-propagating with compact time-like curves,
which is clearly undesirable. On the other hand, we do obtain physically meaningful solutions
with standard Minkowski metric on the non-compact space-time, at the expense of admitting
some space-time noncommutativity in the non-compact sector.
The geometrical degrees of freedom provided by the extra dimensions are also welcome for the
effective (emergent) gravity on such branes. The higher-dimensional compactification provides
additional degrees of freedom associated to gravity due to the Poisson structure [20–22], and
fewer embedding degrees of freedom. Moreover, the scale and to some extent the shape of the
compact space are free moduli of the solutions, and not fixed by the model. We will discuss these
gravitational aspects only briefly in this paper, and postpone a systematic analysis to future work.
2 Matrix models and their geometry
We briefly collect the essential ingredients of the matrix model framework and its effective geom-
etry, referring to the recent review [3] for more details.
2.1 The IKKT matrix model
The starting point is given by a matrix model of Yang-Mills type,
SYM = −Tr[Xa,Xb][Xc,Xd]ηacηbd , (2.1)
where the indices run from 0 to 9, and ηac = (−1, 1, ..., 1) is the invariant tensor of SO(9, 1). This
is the bosonic sector of the the 10-dimensional maximally supersymmetric IKKT or IIB model
[1]. The “covariant coordinates” Xa are Hermitian matrices, i.e. operators acting on a separable
Hilbert space H. The equations of motion take the following simple form
[Xb, [X
b,Xa]] = 0 (2.2)
2This also suggests that the Euclidean model may not be suitable to understand the vacuum structure.
3As discussed in [3], this change of causality structure might be avoided using complexified θµν . A similar issue
would also arise in string theory with time-like fluxes. The appropriate treatment of this issue is unclear.
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for all a. Indices of matrices will be raised or lowered with ηab. We denote the commutator of
two matrices as
[Xa,Xb] = iΘab . (2.3)
We focus on matrix configurations which describe embedded noncommutative (NC) branes. This
means that the Xa are quantized embedding functions
Xa ∼ xa : M2n →֒ R10 (2.4)
of a 2n dimensional submanifold, and
[Xµ,Xν ] ∼ iθµν(x) (2.5)
is interpreted as quantized a Poisson structure on M2n. Here ∼ denotes the semi-classical limit
where commutators are replaced by Poisson brackets, and xµ are locally independent coordinate
functions chosen among the xa. Such a collection of matrices defines a quantized embedded
Poisson manifolds (M2n, θµν), denoted as “matrix geometry”. We will assume that θµν is non-
degenerate, so that its inverse matrix θ−1µν defines a symplectic form on M2n. The sub-manifold
M2n ⊂ R10 is equipped with a non-trivial induced metric
gµν(x) = ∂µx
a∂νx
bηab , (2.6)
via the pull-back of ηab. Finally, we define the following (effective) metric
Gµν = θµρθνσgρσ , (2.7)
on M2n, dropping possible conformal factors [2] which are not of interest here. It is not hard to
see that the kinetic term for scalar fields onM2n is governed by the effective metric Gµν(x). The
same metric also governs non-Abelian gauge fields and fermions on M (up to possible conformal
factors) [2, 23], so that Gµν must be interpreted as gravitational metric. Since the embedding is
dynamical, the model describes a dynamical theory of gravity, realized on dynamically determined
submanifolds of R10.
2.2 The BFSS matrix model
Although our focus is on the IKKT model, it is very instructive to recall also the BFSS model,
which was proposed as a non-perturbative definition of M(atrix) theory [16], cf. [17, 18]. It is a
time-dependent matrix model with 9 bosonic matrices Xa(t), and appropriate fermions. Rather
than discussing the action, we only write down here the bosonic equations of motion:
X¨a + [Xb, [Xb,X
a]] = 0, (a, b = 1, ..., 9), (2.8)
dropping all dimensionful parameters.
3 Extra dimensions and split noncommutativity
The basic idea of this paper is to study NC brane configurations in the matrix model with
geometry M2n = M4 ×K, where the noncommutative structure mixes the spacetime M4 with
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the compact space K. This means that the (non-degenerate) Poisson structure Π onM2n satisfies
Π(dx ∧ dy) 6= 0, so that it contains terms of the form
Π = θµi(x, y)
∂
∂xµ
∧ ∂
∂yi
+ ... (3.1)
where xµ are coordinates onM4 and yi are coordinates on K. This will be indicated by the name
“split noncommutativity”. If M and K have the same dimension, then we may even impose
Π(dxµ ∧ dxν) = 0, i.e. M is isotropic. A standard example is the canonical symplectic structure
on the cotangent bundle T ∗K.
There are several reasons why split noncommutativity is interesting. First, ifM4 is an isotropic
submanifold, then - as the name indicates - it does not carry any Poisson tensor field which could
break Lorentz invariance. Indeed there are very strong bounds on Lorentz violation, and thus
on possible Poisson background fields. Moreover, we will see that (maximally) split noncommu-
tativity implies an effective UV cutoff on M, due to the NC structure on M4 ×K; this will be
discussed in section 5. Another motivation is that such a structure will allow us to find solutions
of Yang-Mills matrix models with compact extra dimensions, without any additional terms in the
action that would break some symmetry or introduce scale parameters4. In particular the shape
and scale parameters are free moduli, which means that these solutions should admit deformations
with nontrivial effective 4D geometry. This should be important for (emergent) gravity, where
some of the metric degrees of freedom come from the brane embedding. These aspects will be
discussed briefly in sections 4.7 and 5.2.
3.1 Basic example: the fuzzy cylinder
A simple prototype of a space with split NC is given by the fuzzy cylinder [11, 12, 24] S1 ×ξ R:
[X1,X3] = iξX2, [X2,X3] = −iξX1,
(X1)2 + (X2)2 = R2, [X1,X2] = 0. (3.2)
Defining U := X1 + iX2 and U † := X1 − iX2, this can be stated more transparently as
UU † = U †U = R2
[U,X3] = ξU, [U †,X3] = −ξU † (3.3)
This algebra has the following irreducible representation5
U |n〉 = R|n+ 1〉, U †|n〉 = R|n− 1〉
X3|n〉 = ξn|n〉, n ∈ Z, ξ ∈ R (3.4)
on a Hilbert space H, where |n〉 form an orthonormal basis. We take ξ ∈ R, since the Xi
are hermitian. Then the matrices {X1,X2,X3} can be interpreted geometrically as quantized
4There are solutions of the IKKT model which can be interpreted as compactification on a torus [25]. However
these are very different types of “stringy” 10-dimensional solution involving infinite (winding) sectors, which do not
fit into the framework of embedded branes under consideration here. The IIB model is divergent on such solutions
at one loop, but it is expected to be finite on the present (lower-dimensional) solutions.
5More general irreducible representations are obtained from this basic representation by a (trivial) constant shift
X
3
→ X
3 + c.
5
embedding functions (
X1 + iX2
X3
)
∼
(
Reiy3
x3
)
: S1 ×R →֒ R3. (3.5)
This defines the fuzzy cylinder S1 ×ξ R. It is the quantization of T ∗S1 with canonical Poisson
bracket {eiy3 , x3} = −iξeiy3 , i.e. {x3, y3} = ξ locally.
Wave-functions. A basis of functions on S1 ×ξ R is given by
{eipX3Un, p ∈ [−π
ξ
,
π
ξ
], n ∈ Z}, (3.6)
so that the most general function on S1 ×ξ R i.e. matrix φ ∈ End(H) can be expanded as
φ =
∑
n∈Z
∫ pi/ξ
−pi/ξ
dp φ˜n(p) e
ipX3Un. (3.7)
Note that the set of linear momenta p is in fact compactified on a circle. This follows from
UeipX
3
= eipξ eipX
3
U , so that
eipX
3 ≡ ei(p+ 2piξ )X3 (3.8)
as operators on H. This observation is very important: it means that there is an effective UV
cutoff in the momentum space for R. This is a consequence of the uncertainty relations combined
with split noncommutativity: since the compact space has an IR cutoff 1R , the non-compact space
has a UV cutoff ΛUV = ξ
−1. This is physically very welcome, and in sharp contrast to non-
compact noncommutative spaces such as the Moyal-Weyl R2θ which has no intrinsic UV cutoff in
spite of the uncertainty relations. On the other hand, there is no cutoff in the winding modes
n. A related observation has been made in [24]. In particular, the space of all functions in (3.7)
(and the spectrum of the Laplacian (5.4)) has the characteristics of a one-dimensional space, as
in a 1-dimensional QFT. This is also consistent with the relation 2πRξ Tr ∼ Vol(M), which has
a 1-dimensional volume divergence. The relevance of these observations to the noncommutative
gauge theory on M will be discussed in section 5.
Matrix Laplacian. The matrix equations of motion (2.2), (2.8) are governed by the following
matrix Laplace operator
 := [Xa, [Xb, .]]ηab ∼ eσG. (3.9)
We note the following useful identity
2[X1, [X1, φ]] + 2[X2, [X2, φ]] = [Z, [Z†, φ]] + [Z†, [Z, φ]]
[Z,Z†]=0
= 2[Z†, [Z, φ]] = 2[Z, [Z†, φ]] (3.10)
where Z = X1 + iX2. For the fuzzy cylinder algebra (3.3), this implies
X3 = [X1, [X1,X3]] + [X2, [X2,X3]] = [U, [U †,X3]] = 0
X1 = [X2, [X2,X1]] + [X3, [X3,X1]]
= [X3, [X3,X1]] = −iξ[X3,X2] = ξ2X1,
X2 = ξ2X2 (3.11)
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i.e.
U = ξ2U, X3 = 0. (3.12)
Thus X3 is “harmonic” while X1,X2 are in some sense “massive”. Therefore the fuzzy cylinder
is not a solution of either the IKKT or the BFSS matrix model. However, it is quite obvious how
to build a corresponding solution for the BFSS model: the cylinder should be rotating.
3.2 Rotating cylinder solutions
BFSS solution. Starting with a fuzzy cylinder (U,X) ∼ (eiy , x) as above with NC modulus ξ
and radius R, define the following 3 time-dependent matrices(
X1(t) + iX2(t)
X3(t)
)
=
(
Ueiξt
X3
)
∼
(
Rei(y+ξt)
x
)
. (3.13)
It is obvious using (3.12) that this gives a solution of the BFSS matrix model, which is well-known
[11]. In the semi-classical limit, this matrix geometry describes M ∼ Rt × S1 × Rx. This is a
D2-brane solution which is stabilized because the S1 is rotating, extended along an arbitrary X3
direction.
IKKT solution. Next we want to find a corresponding solution of the more geometric IKKT
model. One cannot apply the same trick directly, since there is no commutative time. However
based on general arguments [1], there should be a corresponding solution.
Consider a fuzzy cylinder (U,X) ∼ (eiy , x) as above with NC modulus ξ and radius R. We
can embed the non-compact direction along a light-like direction v. For example, consider the
matrices Xa, a = 0, 1, 2, 3 defined as
 X0X1 + iX2
X3

 =

0U
0

+ vaX ∼

 xReiy
x

 , va =

 10 + i0
1

 . (3.14)
where X0 is the time-like direction. This is indeed a solution of the IKKT model
Xa = 0 for vavbηab = 0 (3.15)
for any ξ and R. Note that this works only in the Minkowski case. The semi-classical limit is given
by the geometry S1 ×R with Poisson structure {x,Reiy} = iξReiy. This defines the propagating
fuzzy cylinder, which is propagating in a light-like direction. The induced metric in the (x, y)
coordinates is gµν = diag(0, R), and the effective metric (2.7) is G
µν ∼ diag(R, 0).
Several remarks are in order. First, note that the induced metric gµν is degenerate. This
means that
∫
d2x
√
g vanishes identically, i.e. there is no “cosmological constant”. However this
applies only to the 2-dimensional case, and the higher-dimensional generalizations below will have
non-degenerate metrics.
Furthermore, note that we obtained a compactification without adding any other terms (such
as cubic terms) and scales to the matrix model. Such additional terms would necessarily break
the SO(9, 1) symmetry of the model, and strongly constrain the geometry of the non-compact
space6. This would be in conflict with gravity. Accordingly, the radius of S1 as well as ξ are free
6unless the fluxes arise purely dynamically, perhaps through fermion condensation; however such a mechanism
has not been established.
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moduli, and not determined by some explicit scale or potential in the action. This aspect will be
discussed further in section 4.7.
This cylindrical solution of the IKKT model can be interpreted as a closed (D-) string. How-
ever, it is quite different from the BFSS solution (3.13): the cylinder is propagating along a
light-like direction while the S1 is essentially constant. We will obtain different types of solutions
below.
3.3 Propagating plane wave solution
The following simple solution of the IKKT model describes a 2-dimensional plane wave which
propagates along a non-compact time direction. We first make a trivial but useful observation:
If [X¯µ, X¯ν ] = iθµν generate the quantum plane, then the two matrices (eikµX¯
µ
, X¯η) (for fixed η)
satisfy the relations of a fuzzy cylinder (3.3), with R = 1 and NC modulus ξ = −kµθµη.
Now let [X¯3, X¯0] = iθ generate the quantum plane R2θ, and define 4 hermitian matrices as
follows: 
X0Z
X3

 :=

 X¯
0
Rei
ξ
θ
(X¯0+X¯3)
X¯3

 (3.16)
where X0 is the time-like direction and Z = X1 + iX2. This is reminiscent of (3.14) except that
X0 and X3 no longer commute. It is again easy to see that
Z = 0, X0 = X3 = 0, (3.17)
thus we obtained a solution of the IKKT model. This defines the propagating plane wave. The
semi-classical limit is given by the geometry R2 →֒ R4 with a plane-wave-like embedding, and
Poisson structure {x0, x3} = θ. The induced metric gµν is given by
gµν = ηµν +
1
2
∂µz¯ ∂νz +
1
2
∂µz ∂ν z¯, (3.18)
which in light-cone coordinates x± = x0 ± x3 is
gµν =
(
R2ξ2/θ2 −12
−12 0
)
. (3.19)
This is flat with Minkowski signature. The effective metric Gµν is then also flat and Minkowski,
where the role of time and space is switched.
Although this solution has no compactified extra dimensions, we can use a similar construction
to generate such solutions. We will start with some solution of the space-like matrix equation

′Xa = ξ2Xa, and turn it into a rotating solution of the IKKT model. This will be discussed
next, focusing on the case of 4 non-compact directions.
4 Higher-dimensional compactification
4.1 Stabilization by angular momentum
Assume we have a matrix geometry in the d-dimensional Euclidean matrix model which satisfies
Y Y
i = ξ2dY
i, Y ≡ [Y i, [Y j, .]]δij , i, j = 1, ..., d. (4.1)
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There are many explicit examples corresponding to quantized compact space K, such as the fuzzy
sphere S2N ⊂ R3 (6.3), the fuzzy torus T 2N ⊂ R4 (6.1), fuzzy CPnN ⊂ Rn
2+2n [26–28], and others.
We would like to obtain a corresponding solution of the IKKT or BFSS matrix model, by giving
angular momentum to K.
In the time-dependent BFSS model, this can be achieved simply by assembling the hermitian
matrices into complex ones
Zα = Y 2α−1 + iY 2α, Z¯α = Y 2α−1 − iY 2α, (4.2)
and giving them a time-dependence as follows
Zα(t)′ := Zαeiωt, ω2 = ξ2d. (4.3)
It is obvious that this solves the matrix equations of motion X¨a + dX
a = 0. Note that the
rotation may or may not be a symmetry of K. Since a = 1, ..., 9 in the BFSS model, only K ⊂ R8
can be rotated in this way. If we want to have solutions with the topology R4 ×K in the IKKT
model, then only K ⊂ R6 ∼= C3 is admissible.
Now we describe two simple constructions which provide similar solutions of the IKKT model.
4.2 Twisting via a fuzzy cylinder
Lemma 1 Suppose (Xµ, Y i), i = 1, ..., 6 are hermitian matrices which satisfy
[Xµ, [Xµ, Y i]] = (ξµ)2 Y i (no sum over µ)
Y Y
j ≡
∑
i
[Y i, [Y i, Y j]] = ξ2Y Y
j (4.4)
Let (X,U) be a fuzzy cylinder (3.3) with radius 1 and NC modulus ξX , which commutes with the
above matrices. Collect the Y i into complex matrices as
Zα = Y 2α−1 + iY 2α,
Z¯α = Y 2α−1 − iY 2α α = 1, 2, 3 (4.5)
and assume [Zα, (Zα)†] = 0 for α = 1, 2, 3. Then the 6 hermitian matrices Y i
′
defined via

Z1
′
Z2
′
Z3
′

 =

Z1 Un1Z2 Un2
Z3 Un3

 (4.6)
satisfy
[Xµ, [Xµ, Y i
′
]] = (ξµ)2 Y i
′
(no sum over µ), (4.7)
[X, [X,Zα′]] = n2αξ
2
X Z
α′ (4.8)
Y ′Y
j ′ = ξ2Y Y
j ′ (4.9)
Y ′X = 0 (4.10)
Y ′X
µ = YX
µ (4.11)
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Proof. (4.7) and (4.8) are immediate using the Zα variables. (4.9) can be seen using the
identity (3.10), e.g.
2[Y 1
′
, [Y 1
′
, Zα′]] + 2[Y 2
′
, [Y 2
′
, Zα′]] = [Z1Un1 , [U−n1Z1
†
, Zα′]] + [U−n1Z1
†
, [Z1Un1 , Zα′]]
= [Z1, [Z1
†
, Zα′]] + [Z1
†
, [Z1, Zα′]] (4.12)
because U commutes with Zα and Zα′. The heuristic reason is that the twisting amounts to an
orthogonal transformation, which leaves the matrix Laplacian invariant. The same computation
with Xµ instead of Zj
′
, e.g.
[Y 1
′
, [Y 1
′
,Xµ]] + [Y 2
′
, [Y 2
′
,Xµ]] = [Y 1, [Y 1,Xµ]] + [Y 2, [Y 2,Xµ]] (4.13)
gives (4.11). Similarly, (4.10) follows from e.g.
2[Y 1
′
, [Y 1
′
,X]] + 2[Y 2
′
, [Y 2
′
,X]] = [Z1Un1 , [U−n1Z1
†
,X]] + [U−n1Z1
†
, [Z1Un1 ,X]]
= −n1ξX [Z1Un1 , U−n1Z1†] + n1ξX [U−n1Z1†, Z1Un1 ]
= 0 (4.14)
using (3.10) and (3.3), because Zα commutes with the fuzzy cylinder (U,X) and [Zα, (Zα)†] = 0.
To understand the geometrical significance, assume that the original matrices Xa = (Xµ, Y i)
describe a quantized embedding Xa ∼ xa : M →֒ RD of a symplectic manifold (M, θ−1µν ). Let
(U,X) ∼ (eiy, x) be the fuzzy cylinder. Then the above construction in the semi-classical limit
amounts to a map
R× S1 ×M→M′ ⊂ RD+1
(x, eiy , p) 7→ (x, eiy · p) (4.15)
where eiy · p stands for the S1 action on M corresponding to (4.6), and
(X,Xµ, Y i
′
) ∼ (x, xa′) : M′ →֒ RD+1 (4.16)
is a quantized embedding map for M′. The corresponding Poisson structure on M′ is the push-
forward of the Poisson structures {eiy3 , x3} = −iξeiy3 on R × S1 and θµν on M via (4.15). One
must distinguish two cases. First, if the action eiy · p defines a flow on M, then M′ is odd-
dimensional. The Poisson structure is thus degenerate, with symplectic leaves labeled by the
eigenvalues of some central function. We will give an example below. Second, if the map (4.15)
is free i.e. (at least locally) a diffeomorphism (hence eiy · p does not preserveM), then the image
becomes a symplectic manifold, with quantized embedding map given by (4.16).
Note that one can apply a SO(D) transformation on the Y i before defining the complex
combinations (4.5); this will be exploited below. Similarly, the non-compact direction of the
added cylinder R × S1 may be oriented along an arbitrary direction, which maybe space-like,
time-like, or light-like. Finally, some of the matrices Y i are allowed to vanish Y i = 0. This will
be useful below.
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4.3 Twisting via a plane wave
Recall that if [X˜µ, X˜ν ] = iθµν generate the quantum plane R2θ, then the two matrices (e
ikµX˜µ , X˜η)
(for fixed η) satisfy the relations of a fuzzy cylinder (3.3), with R = 1 and NC modulus ξ = −kµθµη.
We thus obtain the following analog of lemma 1:
Lemma 2 Suppose (Xµ, Y i), i = 1, ..., 6 are hermitian matrices which satisfy
[Xµ, [Xµ, Y i]] = (ξµ)2 Y i (no sum over µ)
Y Y
j ≡
∑
i
[Y i, [Y i, Y j]] = ξ2Y Y
j (4.17)
Let [X˜µ, X˜ν ] = iθ˜µν , µ, ν = 0, 1 generate a quantum plane R2θ which commutes with the above
matrices, and let U = eikµX˜
µ
. Then the 6 hermitian matrices Y i
′
defined as in (4.5), (4.6) satisfy
[Xµ, [Xµ, Y i
′
]] = (ξµ)2 Y i
′
(no sum over µ), (4.18)
η˜µν [X˜
µ, [X˜ν , Zα′]] = n2α (k · k)Zα′, µ, ν = 0, 1 (4.19)
Y ′Y
j ′ = ξ2Y Y
j ′ (4.20)
Y ′X˜
µ = 0, Y ′X
µ = YX
µ (4.21)
provided [Zα, (Zα)†] = 0 for α = 1, 2, 3. Here
k · k := G˜µνkµkν , G˜µν = θ˜µµ′ θ˜νν′ η˜µ′ν′ . (4.22)
Proof. This follows easily from lemma 1 applied to the fuzzy cylinder algebras (eikµX˜
µ
, X˜η).
The geometrical significance of this construction is clear: (X˜µ,Xµ, Y i) describes a quantized
embedding R2θ ×M →֒ RD with non-trivial Poisson structure along some non-compact direction
R2θ, and the modified embedding Y
i′ induces a rotation along this R2θ.
With these constructions at hand, we can obtain new solutions of the IKKT model with
compact extra dimensions stabilized by angular momentum, analogous to (4.3). While adding
a cylinder will lead to un-desired closed time-like circles, adding the plane waves will give the
desired compactifications which propagate along a non-compact direction.
4.4 Higher-dimensional cylindrical solutions
BFSS solutions Rt×Rn×ξ T n for n ≤ 3. As an example, we can take 3 mutually commuting
copies of the fuzzy cylinder S1 ×ξi R realized by (Xi, Ui) for i = 1, 2, 3 as defined above, and
give the Ui a time-dependent factor e
iωit with ω2i = ξ
2
i . Thus define 9 hermitian time-dependent
matrices as follows 

Xi(t), i = 1, 2, 3
Z1(t)
Z2(t)
Z3(t)

 =


Xi, i = 1, 2, 3
U1e
iω1t
U2e
iω2t
U3e
iω3t

 (4.23)
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where Z1 = X4 + iX5 etc. This clearly gives a solution of the BFSS matrix model of type
Rt × R3 ×ξ T 3, interpreted as 3 rotating cylinders. Note that the noncommutative structure is
indeed split as discussed previously, and the R4 subspace is commutative.
There are obviously many variations of this solution, such as Rt ×R2 ×ξ T 2, or with different
winding numbers by replacing Ui → Unii compensated by ωi → niωi. It is also possible to replace
one T 2 by a noncommutative torus T 2N ⊂ R4 (6.1), and obtain e.g. Rt ×R×ξ S1 × T 2N .
Non-propagating IKKT solution Rn ×ξ T n for n ≤ 3. Now we want to construct similar
solutions of the IKKT model, based on lemma 1. Consider again 3 mutually commuting fuzzy
cylinders S1×ξR with NC modulus ξi and radius Ri, realized by (Xi, Ui) for i = 1, 2, 3, embedded
along space-like directions: 

X0
Xi, i = 1, 2, 3
Z1
Z2
Z3

 =


0
Xi, i = 1, 2, 3
U1
U2
U3

 (4.24)
where Z1 = X4 + iX5 etc. Now we add a “time-like” fuzzy cylinder (U0,X
0) ∼ (eiy0 , x0) with
NC modulus ξ0, which commutes with the remaining generators. Thus define 10 new hermitian
matrices as follows 

X0
′
Xi
′
, i = 1, 2, 3
Z1
′
Z2
′
Z3
′

 =


X0
Xi, i = 1, 2, 3
U1U0
U2U0
U3U0

 (4.25)
Now lemma 1 can be applied along with (3.11), which implies that

′Zi
′
= (ξ2i − ξ20)Zi′, ′Xµ′ = 0 (4.26)
Therefore we obtain a solution of the IKKT model for ξ20 = ξ
2
i . Solutions with different winding
numbers ni can be obtained by adjusting the ξi accordingly. However, according to the discussion
below lemma 1 there is a constraint. The central generator is easily identified as
X0
′ −X1′ −X2′ −X3′ = C. (4.27)
Therefore the symplectic leaves define D5-branes7 with the structureM∼ R3×T 3, compactified
along C = const. In particular, the non-compact space R4 is completely isotropic. However, such
irreducible solutions can be obtained more directly:
Non-propagating IKKT solution R4×ξ S3×S1. We modify the above construction in order
to avoid the degenerate Poisson structure. Starting again with (4.24) and coinciding ξi ≡ ξ, we
define
Z˜1 = X4 + iX6, Z˜2 = X5 + iX7, Z˜3 = X8 + iX9 (4.28)
7In accord with the string literature we denote n + 1 - dimensional submanifolds with Minkowski signature as
Dn branes.
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(note that X5 and X6 have been interchanged). This amounts to an orthogonal transformation
among the X4, ...,X9. Then clearly the new X1, ...,X9 still define R3 × T 3 and satisfy ˜X˜a =
ξ2X˜a, a = 4, ..., 9 and ˜X˜i = 0, i = 1, 2, 3. Now let them rotate again by adding a time-like
cylinder (U0,X
0) ∼ (eiy0 , x0) with NC modulus ξ0 as follows

X0
′
Xi
′
, i = 1, 2, 3
Z1
′
Z2
′
Z3
′

 =


X0
Xi, i = 1, 2, 3
Z˜1U0
Z˜2U0
Z˜3U0

 . (4.29)
As above, this is a solution ′Xa′ = 0 provided ξ0 = ξ. The point is that now the time-like rotation
does not preserve T 3, but sweeps out S3 × S1. Therefore the above matrices define a quantized
R4 × S3 × S1, with classical coordinates xµ, yν and Poisson structure {xµ, eiyν} = ξ δµν eiyν . In
particular, the non-compact space R4 is completely isotropic.
Now consider the induced metric, which in the ζA = (xµ, yν) coordinates is given by
gAB =
(
ηµν 0
0 R2δµν
)
. (4.30)
Therefore the effective metric (2.7) is
GAB ∼ θAA′θBB′gA′B′ = ξ2
(
R2δµν 0
0 ηµν
)
. (4.31)
This has indeed Minkowski signature, however the time-like direction is now in the compact space.
This change of causality structure is a typical phenomenon in the context of emergent gravity
(which should also occur for the open string metric in similar contexts). One possibility to avoid
this is to consider complexified Poisson structures corresponding to complexified matrices, as
discussed in [3]. However in the present paper, we insist that all Xa are hermitian matrices, so
that (4.31) must be taken serious. In that case, the time-like directions are compactified, and
there is no propagation along the non-compact space R4. This will apply in particular for the
lowest Kaluza–Klein modes. Therefore these solutions are interesting but unphysical, and we
must look for solutions with Minkowski signature on the non-compact space. Such solutions will
be found below, using a twist along a quantum plane.
There are obviously many variations of this solution. By letting some cylinders degenerate
we obtain solutions Rn ×ξ T n for n = 2, 3. In particular, the reduced form of (4.24) can be
recovered in this way. We can also introduce different winding numbers Unii provided the ξi are
adjusted accordingly. Finally, it is instructive to note that one can also use the semi-classical
result  ∼ eσG [3] to see that (4.29) is a (semi-classical) solution of the model.
4.5 Propagating cylindrical IKKT solutions.
In order to obtain an effective metric Gµν which has Minkowski signature in the non-compact
directions, we will use the construction in lemma 2 with Minkowski signature on R2θ.
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Propagating R3×S1 and R4×T 2. As a first example, we start with a fuzzy cylinder (U,X2)
with NC parameter ξ and radius R, and twist it with the noncommutative plane wave [Xµ,Xν ] =
iθµν , µ = 0, 1 (which commutes with the cylinder) as follows
Xµ, µ = 0, 1X2
Z

 =

Xµ, µ = 0, 1X2
U eikµX
µ

 (4.32)
where Z = X4 + iX5. Then lemma 2 gives∑
µ,ν=0,1,2
ηµν [X
µ, [Xν , Z]] = (ξ2 + k · k)Z k · k := G˜µν(2)kµkν
∑
i=4,5
[Xi, [Xi,Xµ]] = 0, µ = 0, 1 (4.33)
and
∑
i=4,5 [X
i, [Xi,X2]] = 0 due to the fuzzy cylinder. Here G˜µν(2) = θ
µµ′θνν
′
ηµ′ν′ , µ, ν = 0, 1
denotes the 2-dimensional contribution to the effective metric. Therefore we obtain a solution
Xa = 0 for k · k = −ξ2. (4.34)
In particular, k must be time-like w.r.t. G˜µν . These matrices define a quantization of R
3 × S1,
parametrized by ζA = (xµ, x2, y2). The Poisson structure and the induced metric are given by
{ξA, ξB} =

 θµν 0 k˜µ0 0 ξ
−k˜µ −ξ 0

 , gAB =

ηµν 0 00 1 0
0 0 R2

 . (4.35)
where
k˜µ = θµνkν . (4.36)
Therefore the effective metric is
GAB = θAA
′
θBB
′
gA′B′ =


G˜µν(2) +R
2k˜µk˜ν −R2ξk˜µ G˜µν(2)kν
−R2ξk˜ν R2ξ2 0
G˜µν(2)kν 0 k˜
µk˜νηµν + ξ
2

 .
Now the effective metric restricted to the non-compact R3 is given by
GAB
R3
= R2
(
R−2G˜µν(2) + k˜
µk˜ν −ξk˜µ
−ξk˜ν ξ2
)
, (4.37)
which has Minkowski signature, cf. (5.7). This is indeed the metric which governs the lowest
KK modes, as shown in section 5.1. Therefore this solution can serve as physical space-time with
compactified extra dimensions.
An analogous construction using 2 cylinders gives a solution of type R2θ ×R2 ×ξ T 2 in terms
of 8 matrices, with Minkowski signature in the non-compact space.
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Propagating R4 × S3 × S1. In order to get solutions with 4 compact and 4 non-compact
dimensions, we can add a compact fuzzy space such as T 2N or S
2
N and then twist the whole
construction.
We consider a variant of the construction in (4.29), starting with a fuzzy cylinder (U2,X
2)
with NC parameter ξ, and a fuzzy torus U, V as in (6.1) with ξ2 = 4 sin2( piN ). Thus define
Xa =


X2
Z1
Z2
Z3

 =


X2
U2
U
V

 (4.38)
which satisfies Zα = ξ2Zα using (6.2), and X2 = 0. Now apply again an orthogonal transfor-
mation Zα → Z˜α as in (4.28),
Z˜1 = X4 + iX6, Z˜2 = X5 + iX7, Z˜3 = X8 + iX9 (4.39)
(interchanging X5 and X6). We then add another fuzzy cylinder (U3,X
3) with NC modulus ξ3,
and finally twist the compact components with a R2θ with Minkowski signature:
Xa′ =


Xµ′, µ = 0, 1
Xi
′
, i = 2, 3
Z1
′
Z2
′
Z3
′

 =


Xµ
Xi, i = 2, 3
Z˜1 U3 e
ikµXµ
Z˜2 U3 e
ikµXµ
Z˜3 U3 e
ikµXµ

 . (4.40)
Now there are no degeneracies due to the permutation (4.39), therefore these matrices define a
matrix quantization of R4×S3×S1. Using lemmas 1 and 2, they provide a solution of the IKKT
model for

′Xa = 0 if k · k = −(ξ2 + ξ23). (4.41)
We can of course omit the last cylinder and obtain a solution R3 × T 3. Furthermore, it is clear
that the fuzzy torus in the above construction can be replaced by a fuzzy sphere, which gives a
propagating IKKT solution of type R4×T 2×S2N . This will be given explicitly in the next section.
4.6 Spherical extra dimensions
We finally provide some illustrative solutions with fuzzy spheres in the extra dimensions. Solutions
with fuzzy spheres have been obtained up to now only upon adding extra terms to the matrix mod-
els, notably certain cubic terms; this is clearly undesirable. We show here how extra-dimensional
fuzzy spheres can arise as solutions of the un-modified IKKT model.
BFSS solution Rt ×R2θ ×R×ξ S1 × S2 × S2. Consider 2 mutually commuting fuzzy spheres
(6.3) S2L × S2R ⊂ R6 realized as follows
[Y aL , Y
b
L] = icLε
abcY cL,
∑
a
Y aLY
a
L = R
2
L,
[Y aR , Y
b
R] = icRε
abcY cR,
∑
a
Y aRY
a
R = R
2
R,
[Y aL , Y
b
R] = 0, (4.42)
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interpreted as quantized embedding maps S2L×S2R →֒ R3⊕R3. For a suitable choice of parameters
these 6 matrices satisfy
Y Y
a = ξ2Y a. (4.43)
This can be turned into a rotating solution of the BFSS model of type Rt ×S2× S2 as above, by
imposing a rotation eiωt in R6. However, we would like to add 3 more non-compact directions R3.
One possibility is to add a (commuting) copy of the fuzzy cylinder S1 ×ξ R realized by (X3, U3),
and an R2θ. This can be done as follows
Xi(t), i = 1, 2X3(t)
Za(t)

 =

 Xi, i = 1, 2X3
(Y aL + iY
a
R)U3e
iωt

 (4.44)
where [X1,X2] = iθ1 and with ω2 = 2ξ2. Since [Y aL , Y
b
R] = 0, it follows as before that (Z
a,X3) is
a fuzzy cylinder algebra for each a = 1, 2, 3, and
Xi = 0, for i = 1, 2, 3, Xa = 2ξ2Xa for a = 4, 5, 6, 7, 8, 9. (4.45)
Intuitively, the matrices (Y aL + iY
a
R)U3 still define S
2
N × S2N up to a U(1) rotation in C3 ∼= R6.
Therefore the above Xa(t) are a solution of the BFSS equations of motion.
By setting the generators of one of the fuzzy spheres to zero, one obtains a solution of the
type Rt × R2θ × R ×ξ S1 × S2. Note that it is not possible to use an internal symmetry of S2
for the U(1) associated with time, because the corresponding vector fields have zeros and cannot
stabilize S2.
IKKT solution R4×T 2×S2. To find an analogous solutions for the IKKT model, we can use
the construction in (4.40), replacing a T 2 with an S2. To do this, we first embed S2N in R
6 by
adding a trivial extra coordinates to (6.3). Thus consider
Xa =


Xµ
Z1
Z2
Z3

 =


Xµ
Y 1
Y 2
Y 3

 (4.46)
where Y 1,2,3 form a fuzzy sphere with Y Y
i = ξ2Y i. Now twist this configuration with two fuzzy
cylinders (U2,X2) and (U3,X
3) with NC moduli ξ2 = ξ3, and finally twist the compact directions
with the quantum plane R2θ. This gives
Xa′ =


Xµ′, µ = 0, 1
Xi
′
, i = 2, 3
Z1
′
Z2
′
Z3
′

 =


Xµ
Xi, i = 2, 3
Z1 U2 e
ikµXµ
Z2 U2 e
ikµXµ
Z3 U3 e
ikµXµ

 (4.47)
Using lemmas 1 and 2, this is a solution of the IKKT model provided
k · k = −(ξ2 + ξ23) (4.48)
Note that we need 2 noncommutative non-compact directions here, since no matrix solution of
type R2 × S2 with split noncommutativity (corresponding to T ∗S2) is known.
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IKKT solution R4 × S2 × S2. Now start with the two commuting fuzzy spheres (4.42), and
define Z˜α = Y αL + iY
α
R . Then
Xa =


Xµ, µ = 0, ..., 3
Z1
Z2
Z3

 =


X¯µ
Z˜1 eikµX¯
µ
Z˜2 eikµX¯
µ
Z˜3 eikµX¯
µ

 (4.49)
where X¯µ, µ = 0, ..., 3 define a 4-dimensional quantum plane R4θ. Using an obvious generalization
of lemma 2, it follows that
Xa = 0 for k · k = −ξ2 (4.50)
where k · k is now defined in terms of the 4-dimensional effective metric G¯µν on R4θ.
4.7 Moduli and deformations
It was pointed out above that the scales of the fuzzy cylinders are free moduli, and not determined
by some explicit scale or potential in the action. Moreover, they also drop out from the action.
To see this, assume that (U,X3) form a fuzzy cylinder, with U = X1 + iX2 and [X1,X2] = 0.
Then the potential (i.e. the argument of the Euclidean sector of the matrix model) can be written
as ∑
i,j=1,2,3
[Xi,Xj ][Xi,Xj ] = [U,X3][U †,X3] + [U †,X3][U,X3] = −2ξ2R2, (4.51)
while the opposite sign arises from the “kinetic term”, where X3 is replaced by the time-like X0.
Thus the the rotating cylinder solution (3.14) satisfies∑
µ,ν=0,..,3
[Xµ,Xν ][Xµ
′
,Xν
′
]ηµµ′ηνν′ = 0. (4.52)
In particular, the moduli R and ξ drop out from the action. This can be understood by recalling
that the action is given semi-classically by Gµνgµν (up to normalization) [3], together with the
fact that gµν is degenerate as explained in section 3.2. In the case of the propagating plane wave
solution (3.16), the same computation applies, except that there is a non-vanishing contribution
from the quantum plane [X0,X1] = iθ.
Similar cancellations occur for the other solutions presented in this paper, where each fuzzy
cylinder contributes a term (4.51), which finally cancel with the time-like contribution. However,
there are non-vanishing contributions from the explicitly noncommutative fuzzy tori or fuzzy
spheres, and similarly from the NC planes. It is nevertheless interesting to note that there is
a cancellation mechanism, and the moduli of the cylinders drop out from the action8 (but not
from the energy). This suggests that such split NC solutions are flexible, in the sense that e.g.
embedding deformations may be accomodated by adjusting the moduli. This should be important
for gravity.
8the rotating cylinder or “supertube” solution of the BFSS model is indeed known to be BPS [11].
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4.7.1 2-dimensional solutions with arbitrary cross-section
The propagating plane wave and rotating cylinder solutions (3.16), (3.14) can be generalized to
generic shapes. This is well-known for the BFSS case [13], and should not be too surprising in
view of the discussion in the previous paragraph. To see this, define the following “light-cone
matrix coordinates”
X± = X0 ±X3 (4.53)
which satisfy
[X+,X−] = 2[X3,X0] = −2iθ. (4.54)
Now for any function f of a complex variable, define
X1 + iX2 := f(X+), X1 − iX2 := f¯(X+). (4.55)
Then [X1,X2] = 0, and (3.10) implies that
[X1, [X1,X+]] + [X2, [X2,X+]] = 0 = [X1, [X1,X−]] + [X2, [X2,X−]] (4.56)
and similarly
[X0, [X0, U ]]− 2[X3, [X3, U ]] = 0. (4.57)
Therefore
Xa = 0. (4.58)
In the special case X1 + iX2 = Re−i
ξ
h
(X0+X3), the propagating plane wave (3.16) is recovered.
Alternatively, if we consider the sub-algebra generated by X− and U = f(X+), then the de-
formed rotating cylinder solution (3.14) is recovered. Thus we found solutions which describes
a deformed propagating wave, and a rotating cylindroid. This is analogous to the well-known
chiral decomposition for a propagating string. However, the corresponding generalization of the
higher-dimensional solutions is not clear.
5 Effective gauge theory and Kaluza-Klein modes
Now consider a background of type Rn ×K in the matrix model where K is compact, with split
noncommutativity as in (3.1). It follows on general grounds that the fluctuations around such a
background (more precisely: around a stack of coinciding such branes) will define a noncommu-
tative gauge theory on Rn ×K. Now by an important observation in section 3, this implies –due
to the uncertainty relations, assuming “strictly” split NC – that there is a UV cutoff on R4 given
by
ΛUV = Λ
2
NCR (5.1)
where R is the length scale of K. This is physically very welcome, and in sharp contrast to non-
compact noncommutative spaces such as the Moyal-Weyl quantum plane which have no intrinsic
UV cutoff.
It might appear that this would provide an easy cure for all UV divergences in QFT, but of
course things are not that simple. To understand what happens, we first compute the spectrum
of the Laplacian on the fuzzy cylinder:
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Spectrum on fuzzy cylinder. Let us evaluate the Laplace operator on the basis of functions
(3.6) on a fuzzy cylinder: using
[U, [U †, eipX
3
]] = 2R2eipX
3 − UeipX3U † − U †eipX3U
= R2(2− e−ipξ − eipξ) eipX3 = 4R2 sin2(pξ/2) eipX3 (5.2)
we obtain
eipX
3
Un = [U, [U †, eipX
3
Un]] + [X3, [X3, eipX
3
Un]]
=
(
4R2 sin2(pξ/2) + n2ξ2
)
eipX
3
Un
pξ≪1∼ (R2p2 + n2) ξ2eipX3Un (5.3)
where p ∈ [−piξ , piξ ]. Clearly n labels the Kaluza-Klein (KK) modes on S1. Indeed, there is a UV
cutoff on the non-compact space |p| ≤ piξ = πΛ2NCR, as expected from (5.1). This means that R is
literally discretized by a lattice, as is manifest in the representation (3.4). Analogous statements
hold for higher-dimensional fuzzy cylinders Rn ×ξ T n.
Therefore from a gauge theory point of view, the matrix model on the background Rn ×ξ T n
behaves at low energies like an effective n-dimensional gauge theory on Rn, with effective UV
cutoff ΛUV = Λ
2
NCR. Thus the naive expectation of an UV cutoff on NC spaces – which is not
borne out on Rnθ – seems indeed realized here, moreover in an essentially isotropic way without
explicitly Lorentz-violating θµν on Rn. Thus this split NC scenario appears to be very attractive.
However, there are problems. First, we have seen in section 4.4 that on such a “strict” split NC
background, the non-compact space Rn has Euclidean signature (unless we resort to complexified
backgrounds). Furthermore, in the extreme UV limit the KK modes become relevant, and the
effective geometry becomes that of T n, as can be seen from (5.3). This leads to the same UV
divergences as in a n-dimensional field theory. Moreover UV/IR mixing may still occur, since
for very low non-compact momentum p, the internal loop momentum on T n may be arbitrarily
high. Therefore in order to have a well-defined quantum theory, we still need maximal SUSY, as
realized in the IKKT model. We note the observation that NC backgrounds of type R4×K4N are
effectively 4-dimensional in the UV.
It is interesting to compare this with product spaces such as R4θ × K4N , where K4N is a 4-
dimensional fuzzy space described by a finite matrix algebra Mat(N,C). Then there is no UV
cutoff on R4θ, while the tower of Kaluza-Klein modes on K
4
N is finite. This is reversed compared
with the above case of split noncommutativity, where R4 has a UV cutoff while K has none.
However in either case, the UV divergences will be that of a 4-dimensional QFT, either due to
R4 or due to K4. Now recall that N = 4 SYM is UV finite in 4 dimensions, for any genus in
a large N expansion. This strongly suggests that finiteness also holds for the noncommutative
N = 4 model, i.e. for the IKKT model on such a background. This suggests that even D7 branes
can be consistent backgrounds for this model, provided 4 of their dimensions are compactified.
This should help to obtain rich enough structures for the compactification, towards a realistic
low-energy spectrum of the theory, cf. [9, 19, 29, 30].
5.1 Minkowski signature.
In the presence of Minkowski signature, the situation is once again more tricky. Consider first
the case of non-propagating cylinder solutions in section (4.4). For a fuzzy cylinder with time-like
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X0, the Laplacian becomes
eipX
0
Un = [U, [U †, eipX
0
Un]]− [X0, [X0, eipX0Un]]
= [U, [U †, eipX
0
]]Un − eipX0 [X0, [X0, Un]]
=
(
4R2 sin2(pξ/2) − n2ξ2) eipX0Un. (5.4)
Note that the modes U on the circle have negative sign. This is consistent with presence of closed
time-like circles with respect to Gµν as discussed before, which is clearly unphysical.
One possible way out might be to resort to some analytic continuation with purely imaginary
ξ. Here we consider instead the propagating cylinder solutions in section 4.5, where these problems
do not arise:
Propagating cylinders. Consider the propagating R3θ × T 1 solution (4.32). Then the wave-
functions can be expanded in the following basis
{eipjXjUn, p2 ∈ [−π
ξ
,
π
ξ
], p0,1 ∈ R, n ∈ Z}. (5.5)
for j = 0, 1, 2. Now the Laplacian becomes
(eipjX
j
Un) = [U˜ , [U˜ †, eipjX
j
Un]]− [X0, [X0, eipjXjUn]] +
∑
i=1,2
[Xi, [Xi, eipjX
j
Un]]
=
(
4R2 sin2
(p2ξ − kµθµνpν
2
)
+ G¯µν(2)pµpν + n
2ξ2
)
eipjX
j
Un (5.6)
where U˜ = UeikµX
µ
, and G¯µν(2) = θ
µµ′θνν
′
ηµ′ν′ , µ, ν = 0, 1 denotes the R
2
θ contribution to the effec-
tive metric. Now the discrete Kaluza-Klein modes have positive mass as they should. Restricted
to the lowest KK sector n = 0 and in the limit pξ ≪ 1, the spectrum of the Laplacian on the
non-compact R3 becomes
eipjX
j ≈
(
R2
(p2ξ − kµθµνpν
2
)2
+ G¯µν(2)pνpν
)
eipµX
µ
= (p · p) eipjXj , pξ ≪ 1 (5.7)
where
p · p = R2 (pµ, p2)
(
R−2G¯µν(2) + k˜
µk˜ν −ξk˜µ
−ξk˜ν ξ2
)(
pµ
p2
)
. (5.8)
This agrees with the semi-classical result using the effective metric (4.37). This has the desired
physical properties, in particular Minkowski signature. In the extreme UV, the spectrum is
parametrized by p0, p1 and n, corresponding to that of a 3-dimensional field theory on R
2 × S1.
Finally, one may consider analogous solutions of the undeformed N = 4 SYM theory. For
example, fuzzy sphere configurations can be realized by the six SU(N)-valued scalar fields φi,
which correspond to the Y i. Then configurations such as (4.49) correspond to positive-energy
solutions of N = 4 SYM, with a non-vanishing expectation value of some U(1) ⊂ SU(4) generator
of the internal R - symmetry. Such a vacuum should be stable even though it has positive energy,
because the charge is conserved. Note also that e.g. the flux of the S2N is quantized and thus
protected.
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5.2 Remarks on emergent gravity
In general, the geometry of brane solutions in the IKKT model is governed by the U(1) sector
of the corresponding noncommutative gauge theory [2, 3, 21]. The transversal fluctuations corre-
spond to scalar fields, which via the bare matrix model action satisfy Gφ
i = 0. This does not
directly lead (without quantum effects) to general relativity, but might be relevant e.g. for large-
scale cosmological modifications. On the other hand, the tangential fluctuations of the branes
corresponding to trace–U(1) gauge fields are governed by NC Maxwell equations, which – as dis-
covered by Rivelles [20] – lead to Ricci-flat deformations of flat spaces Rµν [G¯+ h] ≈ Rµν [G¯] = 0.
Thus higher-dimensional branes should help to recover (near-) Ricci flat vacuum geometries and
general relativity from the matrix model, perhaps even without resorting to induced gravity. In-
deed R4θ×T n is flat, hence the tangential U(1) gauge fields should lead to 2+n degrees of freedom
for Ricci-flat on-shell deformations of the geometry. This will be studied elsewhere in more detail.
It is also important in this context that the tubular solutions obtained here are flexible,
because the scales are not fixed but free moduli. Moreover, their action vanishes under suitable
conditions, as discussed in section 4.7. All these aspects should be relevant for gravity, and may
help to recover effectively GR in 4 dimensions.
6 Conclusion
In this paper, we constructed new solutions of the IKKT model of the type R4 × K, where
K = T 2, K = S3 × S1, K = S2 × T 2 and K = S2 × S2. The compact spaces in these solutions
are rotating, and stabilized by angular momentum. This is in contrast to previous realizations of
fuzzy spaces in matrix models, which required additional terms in the model that break some of
the symmetries. In particular, the Minkowski signature of the model is essential here, and there
are no such solutions in Euclidean models. This should shed new light on the search for non-
perturbative vacua in the IKKT matrix model [31]. Furthermore, these solutions are expected
to be generic, in the sense that they admit deformations both for the non-compact R4 part and
also for the compact sector. This is important from the point of view of the effective (emergent)
gravity on the branes, which play the role of physical space-time.
These new solutions have several interesting features. They arise from a Poisson structure
which connects the non-compact with the compact space, dubbed “split noncommutativity”. In
contrast to compactifications on fuzzy spaces, this can lead to an infinite tower of Kaluza-Klein
modes, and a strict UV cutoff on (some directions of) the non-compact space. In the IR limit the
physics is governed by the 3+1–dimensional non-compact space. In the extreme UV, the physics
is still 4-dimensional but with some compactified directions. In particular, the quantization is
expected to be finite even on R4×K4, governed by NC N = 4 SUSY Yang-Mills in 4 dimensions.
Space-time solutions with compactified extra dimensions are clearly of great interest in the
context of particle physics, as a possible source of structure needed for realistic low-energy gauge
theories. A purely 4-dimensional R4θ solutions of the IKKT model is too simple. However, extra
dimensions may lead to SUSY breaking, and chiral fermions may arise e.g. on intersecting brane
solutions. It is plausible that such intersecting branes should have only 4 non-compact dimensions,
and hence be compactified as above. Therefore the solutions presented here can be building blocks
for realistic vacua in matrix models, as demonstrated in [5, 19].
Finally, since the geometry of the brane is governed by the U(1) sector of the noncommutative
gauge theory [3, 21], extra dimensions also provide additional geometrical degrees of freedom
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and possibly new mechanisms, which may help to approximately recover general relativity on
space-time branes.
Appendix: De-compactification of fuzzy torus and sphere
The fuzzy cylinder can be viewed as a de-compactification limit of other compact fuzzy spaces.
Consider first the fuzzy torus T 2N embedded in R
4. It is defined in terms of 4 hermitian matrices
packaged in terms of U = X1 + iX2, V = X3 + iX4 which satisfy the relations
(X1)2 + (X2)2 = 1 = (X3)2 + (X4)2,
[U, V ] = (q − 1)V U, (6.1)
for q = e2pii/N and with UN = V N = 1, cf. [17, 18]. The irreducible representations in terms of
clock-and shift matrices are well-known and need not be repeated here. It is easy to see that the
following relations hold
Xa = 4 sin2(π/N)Xa, a = 1, ..., 4. (6.2)
If we “de-compactify” one circle by writing V = exp(iαNY ), then (6.1) reduces to the fuzzy
cylinder in the limit N →∞ with ξ = 2piNαN = const.
A similar de-compactification can also be carried out for the fuzzy sphere S2N [32]. It is defined
in terms of three N ×N hermitian matrices Xa, a = 1, 2, 3 subject to the relations
[Xa,Xb] =
i√
CN
εabcXc ,
3∑
a=1
XaXa = 1 (6.3)
where CN =
1
4 (N
2 − 1). It is easy to see that
Xa = CN X
a, a = 1, ..., 4. (6.4)
The fuzzy cylinder is obtained near the equator X3 ≈ 0, setting U = X1 + iX2 and upon
appropriate rescaling for N →∞.
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